Abstract. In this paper, we investigate some applications of commutator subgroups to homotopy groups and geometric groups. In particular, we show that the intersection subgroups of some canonical subgroups in certain link groups modulo their symmetric commutator subgroups are isomorphic to the (higher) homotopy groups. This gives a connection between links and homotopy groups. Similar results hold for braid and surface groups.
Introduction
The purpose of this article is to investigate some applications of commutator subgroups to homotopy groups and geometric groups.
Recall [16, p. 288-289 ] that a bracket arrangement of weight n in a group G is a map β n : G n → G which is defined inductively as follows: 2 a 1 a 2 . Suppose that the bracket arrangements of weight k are defined for 1 ≤ k < n with n ≥ 3. A map β n : G n → G is called a bracket arrangement of weight n if β n is the composite
for some bracket arrangements β k and β n−k of weight k and n − k, respectively, with 1 ≤ k < n. For instance, if n = 3, there are two bracket arrangements given by [ [1, 3, 6, 19] . Let G = F n be the free group of rank n with a basis x 1 , . . . , x n . Let R i = x i be the normal closure of x i in F n for 1 ≤ i ≤ n and let R n+1 = x 1 · · · x n be the normal closure of the product element x 1 x 2 · · · x n in F n . According to [19, Theorem 1.7] , the homotopy group π n+1 (S 2 ) is isomorphic to the quotient group Our next step is to give a generalization of [19, Theorem 1.7] . This will give more connections between homotopy groups and symmetric commutator subgroups.
Let (X, A) be a pair of spaces. An n-partition of X relative to A means a sequence of subspaces (A 1 , . . . , A n ) of X such that (1) A = A i ∩ A j for each 1 ≤ i < j ≤ n and
A i . 1 The symmetric commutator subgroup was named by Roman Mikhailov during personal communications. 
(2) For any 1 < k ≤ n and any subset
n}, there is an isomorphism of groups
where J = {1, 2, . . . , n} − I. In particular,
For the special case where n = 2, Theorem 1.3 is the classical Brown-Loday Theorem [3, Corollary 3.4 ] with a generalization recently given in [6] . But the connectivity hypothesis on the subgroups in [6] seems difficult to check. Theorem 1.3 emphasizes the point that, for any space X that admits a cofibrant K(π, 1)-partition, the higher homotopy groups of X measure the difference between the intersection subgroups and the symmetric commutator subgroups for certain subgroups in the fundamental groups of the partition spaces. Moreover, Theorem 1.3 admits many applications. A direct consequence is to give an interesting connection between link groups and higher homotopy groups. 
. . , Λ n be any subsets of {1, 2, . . . , m}, with n ≥ 2, such that 
(2) There is an isomorphism of groups
There are examples of links whose complements are K(π, 1)-spaces. For instance, let M = S 3 and let π :
Consider the special case where n = m with Λ i = {i} in Corollary 1.4. Then R i is the normal closure generated by the i-th meridian in π 1 (M |L|). Any element in the intersection subgroup R 1 ∩ R 2 ∩ · · · ∩ R n can be represented by a 1-link l. The union L ∪ {l} gives an (n + 1)-link in M related to Brunnian links. Thus Corollary 1.4 gives a connection between higher homotopy groups and Brunnian links.
For more applications of Theorem 1.3, we consider certain subgroups of surface groups and braid groups whose intersection subgroups modulo symmetric commutator subgroups are given by the homotopy groups. Our results on the braid groups are described as follows.
Let M be a manifold. Recall that the m-th ordered configuration space F (M, m) is defined by
with subspace topology. Recall that the Artin braid group B n is generated by σ 1 , . . . , σ n−1 with defining relations given by σ i σ j = σ j σ i for |i − j| ≥ 2 and
The pure braid group P n is defined to be the kernel of the canonical quotient homomorphism from B n to the symmetric group Σ n , with a set of generators given by
Then we have the following: 
For instance, for n = 2 with m ≥ 3, (
, and so
The braided descriptions of the homotopy groups π * (S 2 ) have been studied in [1, 2, 4, 5, 15, 20] . Theorem 1.5 is a new braided description of the homotopy groups.
The article is organized as follows. The proofs of Theorems 1.1 and 1.2 are given in section 2. In section 3, we provide the proof of Theorem 1.3. In section 4, we discuss some applications to the free groups and surface groups. The applications to the braid groups and the proof of Theorem 1.5 are given in section 5. 
2.
for any σ ∈ Σ n and any bracket arrangement β n of weight n.
Proof. The proof is given by double induction. The first induction is on n. Clearly the assertion holds for n = 1. Suppose that the assertion holds for m with m < n. Given an element β n (g σ (1) , . . . , g σ(n) ) as in the lemma,
for some bracket arrangements β p and β n−p with 1 ≤ p ≤ n − 1. The second induction is on q = n − p. If q = 1, we have
by the first induction, and so 
Now suppose that the assertion holds for q = n − p < q. By the first induction, we have
where Σ n−p acts on {p + 1, . . . , n}. By applying Hall's Theorem, we have
Note that
is generated by the elements of the form
with g j ∈ R j . By the second induction in the case where q = 1, the above elements
and so
Similarly, by the second induction hypothesis, and so
Both the first and second inductions are finished, hence the result.
Lemma 2.4. Let G be a group and let R 1 , . . . , R n be normal subgroups of G.
Proof. The proof is given by double induction. The first induction is on n. The assertion clearly holds for n = 1. Suppose that the assertion holds for n − 1 with n > 1. From the hypothesis that {i
is a permutation of (1, . . . , n), and so
for any sequence (j 1 , . . . , j q ) with q <p and
. . , n}, and so
by the second induction hypothesis. It follows that
by the first induction hypothesis. From Lemma 2.3, we have
The inductions are finished, hence the result holds.
Lemma 2.5. Let G be a group and let
Proof. The proof is given by double induction on n and q with n ≥ 2 and q ≥ 1. First we prove the assertion holds for n = 2.
by Lemma 2.4, and so 
Suppose the assertion holds for n − 1; that is,
We will use the second induction on q to prove the assertion holds for n. When q = 1, the assertion follows by Lemma 2.4. Suppose that the assertion
By the second induction we have
. . , n}, we may assume that
and j q = n. By the first induction,
The double induction is finished, hence the result.
Proof of Theorem
The assertion holds for n = 1. 
Hypothesis 2.1. Suppose that
be any bracket arrangement of weight k such that where
be any bracket arrangement of weight t with {i 1 , . . . , i t } = {1, . . . , n} and g j ∈ R j for 1 ≤ j ≤ n. From the definition of bracket arrangement, we have
for some bracket arrangements β p and β t−p of weight p and t − p, respectively, with
Then both A and B are subsets of {1, . . . , n} with A ∪ B = {1, . . . , n}.
Suppose that the cardinality |A| = n or |B| = n. We may assume that |A| = n. By Hypothesis 2.2,
This proves the result in this case. Suppose that |A| < n and |B| < n.
By Hypothesis 2.1,
It follows that the element β t (g i 1 , . . . , g i t ) lies in the commutator subgroup From Lemma 2.5, we have
It follows from Lemma 2.1 that
The inductions are finished, hence the proof of Theorem 1.1.
Proof of Theorem 1.2. Clearly
We prove by induction on n that
The assertion holds for n = 1. Suppose that
for any normal subgroups R 1 , . . . , R s of G with 1 ≤ s < n. Let R 1 , . . . , R n be any normal subgroups of G. By definition,
It suffices to prove that for any τ ∈ Σ n ,
The assertion holds for τ (1) = 1. Suppose that the assertion holds for τ (k − 1) = 1 with
Following from Hall's Theorem,
By the second induction From Lemma 2.5 and the first induction, we have
where
) which is a permutation of (2, . . . , n). It follows that
and so
This finishes the proof. 
Let G be a group with normal subgroups R 1 , . . . , R n . Let X(G; R 1 , . . . , R n ) be the homotopy colimit of the cubical diagram obtained by classifying spaces B(G/ i∈I R i ) with the maps In the following theorem and the rest of the article, the notation ( · · ·â · · · ) means that the letter a is removed. Theorem 1]) . Let G be a group with normal subgroups R 1 , . . . , R n with n ≥ 2. Let X = X (G; R 1 , . . . , R n ) . Suppose that the (n − 1)-tuple 
Theorem 3.1 ([6,
There is an isomorphism of groups
. . , n} and J = {1, 2, . . . , n} I, there is an isomorphism
Proof. We prove assertions (1)-(3) by induction on n. If n = 2, assertions (1) and (2) obviously hold and assertion (3) follows from the classical Brown-Loday Theorem [3] . Suppose that assertions (1) 
By the induction hypothesis, there is an isomorphism
which is assertion (1) . (2) 
Now we show the other direction. Let
Thus condition (ii) holds. Let
From the induction hypothesis, we have
Thus π k (Y ) = 0, and so
Consider the quotient homomorphism and so
From the fact that
together with equation (3.2), we have
This proves that (
is a cofibrant partition of X relative to A, X is the homotopy colimit of the diagram given by the inclusions
.
It suffices to show that
Recall that
For each σ ∈ Σ n , let I = {σ (1), . . . , σ(n − 1)} and J = {σ(n)}. Then 
Conversely let
This finishes the proof of assertion (3). Assertion (4) follows from assertion (3) by constructing a new partition as follows.
Conditions (i) and (ii) hold, similar to the proof of assertion (2). Let
From assertion (3), we have
To finish the proof, it suffices to show that
Thus equation (3.3) holds, hence assertion (4). The proof is finished.
4. Applications to the free groups and surface groups 4.1. Subgroups of the surface groups. Let X = S be a path-connected compact 2-manifold with or without boundary. Let Q i be a set of finite points in S ∂S, A i s is a K(π, 1)-space because it is a surface punctured by at least one point. Observe that each homomorphism
be the punctured surface and let
We give a group theoretic interpretation of this isomorphism.
with a choice of order that q i < q j for i < j. For each q ∈ Q, let c q be a generator in π 1 (A) represented by a small circle around the point q with a choice of orientation such that π 1 (A) admits the presentation
, we have the following result. 
If n = m with P i = {x i }, then there is an isomorphism of groups
which is [19, Theorem 1.7] . One interesting point of Theorem 4.1 is that the factor group
. . , R n ] S only depends on the length of the partition (P 1 , . . . , P n ) of {x 1 , . . . , x m }, which does not seem obvious from the group theoretic point of view.
Then π 1 (A) admits a presentation
From equation (4.1), we have the following result.
Then there is an isomorphism of groups
Remark. In the above theorem,
is a free group of rank m with the presentation given in the same form as in the statement. Thus the subgroups R i are different from those given in Theorem 4.1.
If X is an oriented surface of genus g with t boundary components, then π 1 (A) admits a presentation
If X is a non-oriented surface of genus h with t boundary components, then π 1 (A) admits a presentation
Note that π n (X) = 0 for n ≥ 2. From equation (4.1), we have the following result. 1 , b 1 , . . . , a g , b g , y 1 , . . . , y t , x 1 Let P i be any subset of {x 1 
4.2.
Homotopy groups of higher dimensional spheres and free products of surface groups. It is a natural question as to whether one can get similar group theoretical descriptions of the (general) homotopy groups of higher-dimensional spheres. We give some remarks that the homotopy groups of certain 2-dimensional complexes contain the homotopy groups of all of higher-dimensional spheres as summands. From this, we can answer the above question in some sense.
Let X and Y be path-connected spaces. According to [10] , there is a homotopy decomposition
Now let X = S 2 and let Y be any surface. Equation (4.2) implies the following homotopy decomposition:
From the classical James Theorem [11] , there is homotopy decomposition
where Z ∧k is the k-fold self smash product of Z. Note that the k-fold self smash product of S 1 is S k . There is a homotopy decomposition
By substituting this decomposition into formula (4.3), there is a homotopy decomposition 1 , b 1 , . . . , a g , b g , y 1 , . . . , y t , x 21 , . . . ,
Then there is an isomorphism of groups
where Y is a surface such that the fundamental group of Y punctured by m points is the group G 2 .
5.
Applications to braid groups and the proof of Theorem 1.5
Applications to the braid groups.
Recall that a braid of n strands is called Brunnian if deleting any one of the strands produces a trivial braid of (n − 1)-strands. Let Brun n denote the Brunnian subgroup of the n-th pure Artin braid group P n . (Note. An n-strand Brunnian braid is always a pure braid for n ≥ 3 according to [1, Proposition 4.2.2] .) The group Brun n has been characterized by Levinson [13, 14] for n ≤ 4. A classical question proposed by Makanin [17] in 1980 is to determine a set of generators for Brun n . This question has been answered by Johnson [12] and Stanford [18] . An answer using fat commutators was given in [1, Theorem 8.6.1]. As an application, we gave a generalization of Levinson's result [14, Theorem 2] . Recall that the braid group B n is generated by σ 1 , . . . , σ n−1 with defining relations given by (1) [14] , let
Intuitively t i is the braid that links strand i and strand n in front of all other strands. Let R i = t i be the normal closure of t i in P n . (Note. Levinson uses the notation θ i .)
When n = 4, we have Brun
which is exactly Levinson's theorem [14, Theorem 2] . Let M be any manifold. Recall that the coordinate projection
is a fibration by Fadell-Neuwirth's Theorem [9] . The coordinate projection
which is given by removing the j-th strand.
Proof of Theorem 5.1. The basepoint (q 1 , q 2 , . . . , q n ) of F (R 2 , n) is chosen so that the points q i ∈ R 1 ⊆ R 2 with the order q 1 < q 2 < · · · < q n . Let Q n = {q 1 , . . . , q n } and let Q n, i = {q 1 , . . . ,q i , . . . , q n }. For each 1 ≤ i ≤ n − 1, there is a commutative diagram of fibrations
By taking fundamental groups and using the fact that F (R 2 , m) is a K(π, 1)-space, there is a commutative diagram of short exact sequences of groups 
t).
There is a pull-back diagram
with a fibration
where Q t is a set of t distinct points in S 2 . Since t ≥ 1,
is a K(π, 1)-space. Together with the fact that the base space F (R 2 , t) is a K(π, 1)-space, the total space A I is a K(π, 1)-space for any I {1, 2, . . . , n}.
By Lemma 5.3, the inclusion f : A = F (R 2 , m) → A i induces an epimorphism
whose kernel
The assertion follows from Theorem 1.3.
